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IEEE 754: correct rounding

correct rounding (IEEE 754-2019 Clause 2.1)
“[...] method of converting an infinitely precise result to a floating-point
number, as determined by the applicable rounding direction.”

Correct rounding assures implementations have bit-wise equivalent outputs
for each input.

IEEE 754-2019 Clause 9.2 “Additional mathematical operations”:

A conforming operation shall return results correctly rounded for the
applicable rounding direction for all operands in its domain.

Rounding
Rounding itself is easy—it is the approximation of a function that causes
difficulties. Correctly rounding an inaccurate approximation yields an
incorrectly rounded result.
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IEEE 754: required operations—correct rounding applies

Arith: +, −, ×, ÷,
√
x , ab + c (FMA)

Round to integer
Convert to/from int
Convert formats
Convert FP to decimal char. sequenc.

Building blocks
Expressions computed by correctly rounded operations are not correctly
rounded—including the mathematical operations such as exp, log, which
have, e.g. polynomial evaluation inside.
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IEEE 754: mathematical functions (recommended)

ex , ex − 1 (expm1), 2x , 2x − 1 (exp2m1), 10x , 10x − 1 (exp10m1),
loge(x), log2(x), log10(x), loge(1 + x) (logp1), log2(1 + x) (log2p1),

log10(1 + x) (log10p1),√
x2 + y2 (hypot), 1/

√
x , (1 + x)n (compound), x1/n (rootn), xn,

xy ,
sin(x), cos(x), tan(x), sin(xπ) (sinpi), cos(xπ) (cospi), tan(xπ)

(tanpi),
asin(x), acos(x), atan(x), sinh(x), cosh(x), tanh(x), asinh(x),

acosh(x), atanh(x).
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Correct rounding of math functions: the challenge?

Rounding breakpoints
Inputs at which the rounding function changes values.

Table Maker’s Dilemma
How accurate does the approximation need to be so that we are on the
right side of the rounding breakpoints?

Example in bfloat16 (8-bit precision):
1 Take Maclaurin series ex =

∑∞
k=0

xk

k! = 1 + x + x2

2 + x3

6 + x4

24 + · · · .
2 e1.46875 = 100.01011 00000000011 · · · (due to Lefèvre & Muller)
3 Correct rounding (towards zero):

RZ
(

100.01011 00000000011 · · ·
)
= 100.01011

4 For k = 8, 100.01010 1111111110010 · · · (would yield incorrect
rounding towards zero)
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Correct rounding of math functions: e1.46875 in bfloat16
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See survey paper in ACM Comput. Surv. 58 (2025)
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Floating-point formats in Julia

Type emin emax p smin fmin fmax Finite numbers

binary16 -14 15 11 2−24 2−14 65504 216 − 211 = 63488
binary32 -126 127 24 2−149 2−126 ∼ 3.4 × 1038 232 − 224 = 4278190080
binary64 -1022 1023 53 2−1074 2−1022 ∼ 1.79 × 10308 264 − 253 ≈ 1.8 × 1019
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ULP errors

Denote a floating-point format with F⟨emin, emax, p⟩ and take x ∈ R, then

ulp(x) =

{
2max(emin,⌊log2 |x |⌋)−p+1 if x ̸= 0,
2emin−p+1 otherwise.

Worst-case ulp errors
We report the worst-case errors or the known worst-case errors in units of
ULP. For example, 2.5ULPs of error tells us that the approximation of a
function f is not farther away from f than 2.5ulp(f (x)) for any x in the
input domain of the approximation of f , where f (x) is a reference solution.

Error measure

E (x) := |f̂ (x)−f (x)|
ulp(RZ(f (x))) (Use RZ to avoid hitting next power of two where ulp

doubles). f (x) computed to 63 or 127 bits using MPFR.
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Determining input ranges of functions

Reducing input space of functions
Given some F⟨emin, emax, p⟩, find [a, b], a, b ∈ F⟨emin, emax, p⟩ for each
function f such that

the function is defined
does not overflow (|f (x)| ≤ fmax) if correctly rounded to any of the
standard rounding modes
does not converge to a constant output value, such as zero when
raising e to large negative power

Input space reduction
Solving simple equations by substituting fmax or a convergence value for
each function/format, we found the ranges. These are hardcoded exactly in
the source code: src/functions.jl.
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Example: function input ranges for binary32

Function Input domain If

acos [−1.0, 1.0]
acosh [1.0, fmax]

asin [−1.0, 1.0]
asinh [−fmax, fmax]
atan [−fmax, fmax]

atanh [nextfloat(−1.0), prevfloat(1.0)]
cbrt [−fmax, fmax]
cos [−fmax, fmax]

cosh [−89.415985107421875, 89.415985107421875]
exp [−103.27892303466796875, 88.72283172607421875]

exp10 [−44.853466033935546875, 38.531841278076171875]
exp2 [−149, 127.99999237060546875]

log [smin, fmax]
log10 [smin, fmax]
log1p [nextfloat(−1)), fmax]
log2 [smin, fmax]
sin [−fmax, fmax]

sinh [−89.415985107421875, 89.415985107421875]
sqrt [0.0, fmax]
tan [−fmax, fmax]

tanh [−9.01091289520263671875, 9.01091289520263671875]
cospi [−fmax, fmax]
sinpi [−fmax, fmax]
tanpi [−fmax, fmax]
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Prev. work (Gladman, Innocente, Mather, Zimmermann)

Binary32 (exhaustive)
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Prev. work (Gladman, Innocente, Mather, Zimmermann)

Binary64 (known worst cases)
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Covering input ranges of functions

How many inputs to test
We can cover all inputs for all functions easily for binary16 and binary32
(univariate). For the cases where it is not feasible, we need a search
strategy.

Determining N the number of tests (per thread)
Given an input domain in F⟨emin, emax, p⟩ of a function f for a particular
floating-point format, If , form I ⊂ If according to one of the strategies
below. Take N members of If to compile I = {x1, . . . , xN}.

Seconds: N = ⌊109

t ⌋. Here t is an approximate latency of a function.

Minutes: N = ⌊60×109

t ⌋.

Hours: N = ⌊3600×109

t ⌋.

Days: N = ⌊24×3600×109

t ⌋.
Exhaustive: I = If , N = lengthF⟨emin,emax,p⟩(If ).
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Testbench configuration: JSON interface

{
"test-binary16RN-exhaustive-nofastmath" : {

"format" : "binary16",
"rounding" : "RN",
"fastmath" : 0,
"search" : "exhaustive"

},
"test-binary32RN-exhaustive-nofastmath" : {

"format" : "binary32",
"rounding" : "RN",
"fastmath" : 0,
"search" : "exhaustive"

},
"test-binary64RN-hours-nofastmath" : {

"format" : "binary64",
"rounding" : "RN",
"fastmath" : 0,
"search" : "hours"

}
}

Run: julia -t <T> run.jl
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Results: system specification

Binary16 and binary32: Macbook Pro M4 12x cores. Julia 1.12.6.

Binary64: Two AMD EPYC 9634 84-core CPUs running at 2.2GHz, overall
providing 168 cores. We have used Julia 1.11.6 (latest results running).

2 days of runtime, mainly testing binary64.
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Results: binary16 (exhaustive)
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Results: binary32 (exhaustive)
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Results: binary64 (1-2 hours per function, 168 cores)
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Conclusions

We have developed an easy-to-run testsuite for Julia.
We find that most functions are close to being correctly rounded.
Future work: bivariate functions, different search strategy for binary64,
bigger proportion of input space.
What should Julia do? Utilise @fastmath switch for correctly rounded
mode (see CORE-MATH by Zimmermann et al).

Preprint available
M. Mikaitis and T. Rizyal. Accuracy of Mathematical Functions in Julia.
Preprint. arXiv:2509.05666 [cs.MS] (revision coming next week!).

http://bit.ly/3WpMbxn.

Slides at http://mmikaitis.github.io/talks
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