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8-bit floating point on the TOP500 (June 2025)

# machines

—o— 16-bit FP —— matrix arith. —e— 19-bit FP
—— 8-bit FP —— fast integer

Devices counted: P100, V100, A100, H100, MI210, MI250X, MI300X,
Intel Data Center GPU, from https://www.top500.org.

NVIDIA Blackwell throughputs (FLOPS)
fp8 (9 x 101%) fpl6 (4.5 x 10%5) fp64 (0.04 x 10%5).
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|[EEE P3109: 8-bit format on one slide

C.4 Value Table: P4, emin = —7,emax =7

0x00 = 0.0000.000 = 0.0 040 = 0.1000.000 = +0b1,000X2D = 1.0 08l
0201 = 0.0000.001 = + 0xa1 = 01000.001 = +0b1.001X2D = 1125 08!

%60 = 1.1000.000 = —0b1.000X 2D = 1.0
1 01 = —0b

0.0000765625 111000 0

= 0.0010.101 = +0b1.
0.0010110 = +0b1.
0.0010 11

0xa5 = 1.0100.101 = Qb1

—obs.

0x3f = 00111111 = +0bL 111x2™1 = 0.9375 Oxbs = 10111 111 =
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4/6/8/16-bit floating point formats have narrow ranges

Format precision min pos. max pos. u
binary64 (double) 53 271022 1,798 x 10308 253
binary32 (single) 24 2712 ~3.403 x 10% 22
tf32 (19-bit) 11 27126 ~3.401 x 1038 211
bfloat16 g 2712 ~3.389 x 10% 2-8
binary16 11 2714 65504 2711
fp8-E4M3 4 270 448 274
fp8-E5M2 3 2714 57344 273
fp6-E2M3 4 20 75 274
fp6-E3M2 3 272 28 273
fp4-E2M1 2 20 6 272
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Mixed-precision matrix multipliers

Formats with narrow ranges are available in matrix multiply operation.

D - C T A x B,

X X X X X X X X X X X X X X X X
X X X X _ X X X X + X X X X % X X X X
X X X X B X X X X X X X X X X X X
X X X X X X X X X X X X X X X X

binary16 or binary16 or 8-bit FP 8-bit FP
binary32 binary32

Hardware matrix multipliers in mixed precision

@ Example above is 4 x 4, but dimensions differ across architectures.
@ Internal dot product precision, rounding, and subnormal support.

While the input formats have narrow ranges, the output is less constrained
on both the precision and range.
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Part 1: Basic single-word algorithm
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Single-word algorithm

Goal: Given A and B, matrices in, for example, binary64, multiply
them accurately using mixed-precision MMAs.

@ Scale input matrices A and B.
@ Round input matrices to the input format.
© Multiply scaled and rounded A and B in the accumulation format.

@ Scale the output matrix.

C=A"1 <ﬂ(/\A)ﬂ(BI\/I)> M1

@ A and M are nonsingular diagonal matrices with diagonal coefficients
A and p; respectively.

@ Scale coefficients A\; and p; are powers of two.
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Single-word algorithm

Let 6 be the maximum value we can afford in the scaled A and B.

Scaling by powers of two means the maximum entry per row of A or
column of Bis in (0/2,4].

We should maximise 6 to reduce number of underflows, but at the same
time remove possibility of overflow.

Choose:

0 = min(fmax, \/ Fmax/n)-

which avoids overflow in the input and in the accumulation of n products.
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Single-word algorithm: an example

o Take A € R*** and B € R**4,
o Set fp8-E4M3 as the input format with fy . = 448.
@ Set binaryl6 as the accumulation format with Fp . = 65504.

@ No subnormal floating-point numbers.
e This gives min(448, /65504 /4) = min(448,127.9687) ~ 127 = 6.

Scaling factors

In this case before rounding matrices to the input format we need to scale
them such that 127 is the maximum value that appears.

@ 127 is lower than fyax = 448 - no input format overflows.

@ 127 x 127 = 16129 and if we accumulate four such products we get
64616 < Fpax = 65504. No accumulation format overflows.
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Single-word algorithm: an example

Take
500 1 1 2°° 1 128 1 1
A 128 128 128 128 5_ 1 128 1 1
1 1 1 11’7 7|1 128 1 1
1 1 1 1 1 128 1 1
We have
502.015625 64258 502.015625 502.015625
512 65536 512 512
AB = 4 512 4 4
4 512 4 4

Overflows in the above example if no scaling is applied
(Input) 500 > fiax = 448 and (output) 65536 > Fyax = 65504.
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Single-word algorithm: an example

C=A"t (ﬂ(/\A)ﬂ(BM)) ML 6 =127
Step 1: Scale A and B.

272 0 0 0] [s00 1 1 279 [125 272 272 278
Aa— | © 2= 0 0| (128 128 128 128 _ |64 64 64 64
0 0 1 0|1 1 1 1 1 1 1 1
0 0 0 1 1 1 1 1] 1 1 1 1
1 128 1 11t 0 0 0] 1 64 1 1
By |1 128 1 1} 10 271 0 0 _ |t 64 11
1 128 1 1{]/0 0 1 0 1 64 1 1
1 128 1 1/ [0 0 O 1} 1 64 1 1

How the scale coefficients are calculated

For example, take the first row of A. The largest value is 500 and we need
to get it below 6 = 127. \; = 21082(127/500)] — 52,
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Single-word algorithm: an example

C=NA" (ﬂ(/\A)ﬂ(BM)) M

Step 2: Round to the input format fp8-E4M3 (fiui, = 27°).

125 272 272 78] [125 272 272 0
64 64 64 64 64 64 64 64
fI(AA) = fi 1 1 1 1 11 1 1 1
1 1 1 1| |1 1 11
1 64 1 1] 1 64 1 1
1 64 1 1 1 64 1 1
fI(BM) = fl 1 64 1 1] |1 64 1 1
1 64 1 1] 1 64 1 1

Underflow in the above example

Notice that since subnormals are off, numbers < f,,;, /2 will round to zero,
causing underflow. This happened to AA(1,4) = 278, which resulted from
scaling the first row of A, where originally A(1,4) = 27°.
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Single-word algorithm: an example

C=A" (ﬂ(AA)ﬂ(BM)) M

Step 3: Perform matrix multiply in the accumulation format binary16
(T =11, Fpax = 65504).

125 272 272 071 64 1 1 125.5 8032 1255 125.5
64 64 64 64| |1 64 1 1| | 256 16384 256 256
1 1 1 1|1 64 1 1| | 4 256 4 4
1 1 1 1)1 64 1 1 4 256 4 4
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Single-word algorithm: an example

C =M1 <ﬂ(/\A)ﬂ(BM)> M1

Step 4: Undo the scaling.

4 0 0 0] (1255 8032 1255 1255 (1 0 0 O
0200 256 16384 256 256 0 2 0 0Of
0 010 4 256 4 4 0 01 0]
0 001 4 256 4 4 0 0 01

502 64256 502 502
512 65536 512 512
4 512 4 4
4 512 4 4
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Single-word algorithm: an example

C=NA" (ﬂ(AA)ﬂ(BM)) M
Comparison. Our result computed with mixed-precision MMA:

502 64256 502 502
512 65536 512 512
4 512 4 4
4 512 4 4

AB ~

And the exact result

502.015625 64258 502.015625 502.015625
512 65536 512 512
4 512 4 4
4 512 4 4

AB =
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Part 2: Error analysis
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Matrix Multiply-Accumulate (MMA)

The following model describes a mixed-precision MMA operation to compute C = AB,
assuming round-to-nearest ties-to-even is used. We have two FP formats:

@ Input format with precision t, unit roundoff u = 27%, exponent in [emin, €max],
range of normalized values £[fmin, fmax|. The maximum distance between any
number in [—fmin, fmin] and the nearest FP number is

) fmin/2 if subnormals are not available
ol = Ufmin  with subnormals (gradual underflow)

@ Accumulation format with T > t, U = =7, exponent in
[Emin, Emax] 2 [€min, émax], and range of norm. numbers £[Fmin, Fmax]. The
maximum distance between any number in [—Fpin, Fmin] and the nearest FP
number is

G — Fmin/2 if subnormals are not available
" ) UFmin  with subnormals (gradual underflow)

M. Mikaitis (Leeds) Narrow range floating point June 2025 17 /32



Models of worst-case rounding errors

Rounding error model based on [Demmel, 1984]

Take x,y € R. Assuming no overflows occur, the rounding operator to the
input format is described as

filx) =x(1+8)+n, 10| <u, 0| < gun, 19=0,
and arithmetic operations in the accumulation format as
FL(xopy) = (xopy)(1+d)+n, [6|<U, || < Gmin, nd=0,

with op € {+, —, x,+}.

Here nd = 0 accounts for only one type of error, rounding or overflow.

M. Mikaitis (Leeds) Narrow range floating point June 2025 18 /32



Norm-wise error bound

Single-word algorithm:

1€ = ABlloc S (2 + nU + 4720 gigin + 47202 Gy ) | All 1Bl .
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Part 3: Multi-word algorithm
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Double-word algorithm: an example

Step 2: Round to the input format, in double-word representation.
We will round each AA and BM to two fp8-E4M3 matrices instead of one.

Compute the first word (first of the two matrices):

125 272 272 78] [125 272 272 0
© _ B 64 64 64 64 |64 64 64 64
AT =FIAA) =i 1 1 1 1 |1 1 1 1
1 1 1 1] |1 1 1 1

1 64 1 1] 1 64 1 1

© _ B 1 64 1 1{| |1 64 1 1

BT =fI(BM) =i 1 64 1 1] |1 64 1 1

1 64 1 1] 1 64 1 1
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Double-word algorithm: an example

Step 2: Round to the input format fp8-E4M3, in double-word
representation.

Compute the second word (rounding/underflow error in the first step):

AD = fI(AA — AC

125 272 272 28 125 272 2— o0 o0 27
f 64 64 64 64| |64 64 64 | = 0 00 O
1 1 1 1 1 ‘ 0 00 O
1 1 1 1 1 000 O

Since B = BM, B(Y) = zeros(4,4).

Extra scaling

Notice the division by u! = 2=* before rounding, which is done to reduce
underflows in the input format. In general, the multi-word split is

A("):ﬂ((/\A L kA<k))/u").
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Double-word algorithm: an example

Step 3: Perform matrix products and add them in the accumulation
format binaryl6.

p-word case

After splitting AA and BM into A ... AlP=1) and BO) . Blr-1)
approximate matrix multiply by p(p + 1)/2 products

C~ /\—1< Z u"+fA(")BU>) M1,

i+j<p

In our double-word case
A pB0) 4 A1) p(0) —

125 272 272 071 64 1 1 000 2%T1 64 11
64 64 64 64| |1 64 1 1 000 O 1 64 1 1
1 1 1 1]l1esa11/Tlooo o 1 64 1 1
1 1 1 1|1 64 1 1 000 O 1 64 1 1
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Double-word algorithm: an example

A pB0) 4 A1) p(0) —

125 272 272 071 64 1 1 000 2%T1 641 1
64 64 64 64| |1 64 1 1 000 O 1 64 1 1|
1 1 1 1]li1esa1 17000 o 1 64 1 1|
1 1 1 1|1 64 1 1 000 O 1 64 1 1

125.5 8032 1255 1255 2-8 025 278 28

256 16384 256 256 o 0 0 o0
4 256 4 4 |Tlo o o o]~
4 %6 4 4 0 0 0 0
12550300625 8032.25 125.50390625 125.50300625
256 16384 256 256
4 256 4 4

4 256 4 4
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Double-word algorithm: an example

C ,\—1< 3 itAl) B(i)) M1
i+j<p

Step 4: Undo the scaling.

4 0 0 O0f |125.50390625 8032.25 125.50390625 125.50390625| (1 0 0 O
0 2 0 O 256 16384 256 256 0 2 0 O _
0 0 1 0 4 256 4 4 0 0 1 0|
0 0 0 1 4 256 4 4 0 0 0 1

502.015625 64258 502.015625 502.015625
512 65536 512 512
4 512 4 4
4 512 4 4

= AB.
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Error analysis: summary

Single-word algorithm:

IC — ABlo < <2u +nU + 400 giin + 4n20_2Gmin) [[Allso | Blloo-

p-word algorithm:

IC — AB|ls < ((p +1)uP + 400”10 ginin

+ (n + pQ)U + 2,D(P + 1)’720_2 Gmin) ||A||OO||B||OO
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Part 4: Numerical experiments

M. Mikaitis (Leeds) Narrow range floating point June 2025 27/32



Numerical experiments

We generate A € R19%" and B € R"*19 and vary n.

Elements in [~101° —1071°] U [1071°, 1017].

Measure the accuracy with H where C is computed in binary64.

We check with subnormals on/off to detect any improvements due to
gradual underflow.

We also plot the variants of MMA without any range (exponent)
limitations.
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Numerical experiments |

fp8-E4M3 input fp8-E4M3 input
binaryl6 accumulation binaryl6 accumulation
subnormals off subnormals on
A A
: ] 10—2 [ 'I\‘!‘v'\\ . - |
=l -
Ol=
G2
=

p=1 --- p=1unbounded range
—»—p=2 —e— p =2 unbounded range
—#+—p =3 —=— p =3 unbounded range
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Numerical experiments ||

fp8-E4M3 input fp8-E4M3 input
binary32 accumulation binary32 accumulation
subnormals off subnormals on

1071

1€—Clloo

1Al oo 1B oo
=
o
L

1077

p= --- p =1 unbounded range
——p = —o— p = 2 unbounded range
—#+—p =3 —=— p =3 unbounded range
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Numerical experiments l|

I€—Clloo
EEI

binary16 input
binary32 accumulation
subnormals off

—_

o
e
T

1072

10

binary16 input
binary32 accumulation
subnormals on

—10 L1 L L —10
10 10 10° 10° 10
n n
p= --- p =1 unbounded range
——p = —o— p = 2 unbounded range

—&— p = 3 unbounded range
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@ Underflows in narrow-range FP formats not a problem, provided three
types of scaling are used.

@ Shown algorithms require minimal bit-level manipulations.
@ Simple algorithms to obtain binary32 accuracy.

@ Other algorithms exist combining MMA and binary64 addition.

SIAM SISC paper

T. Mary, and M. Mikaitis. Error Analysis of Matrix Multiplication with
Narrow Range Floating-Point Arithmetic. Preprint. Accepted for SIAM
SISC. Mar. 2025.

https://bit.ly/42dqpkn.

Slides at http://mmikaitis.github.io/talks
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